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1. NOTATIONS AND DEFINITIONS

Let E, F be two normed linear spaces with norms | ||z, || |z, respec-
tively, and let G be a nonempty abstract set with a commutative operation
“4+” such that if 5, te G then s+teG. We assume that (G, 2, u) is a
measure space with a o-finite, complete measure u. Let u, be the comple-
tion of the product measure x4 x u in G x G defined on the completion of the
product g-algebra, denoted by X ,.

We shall say that the product measure u, is absolutely continuous with
respect to u if for every set 4 € X' such that u(A4)=0 there holds p,(4_,)
=0 where 4_;={(x, y)eGxG:x+ yeA}. We shall denote by LG, E)
(resp. L°(G, F)), the space of all strongly X-measurable vector-valued func-
tions f: G — E (resp. g: G — F) with equality u-almost everywhere. We shall
write also L% G)=L%G, R). LY(G, E) (resp. L'(G, F)) will mean the space
of Bochner integrable functions fe L% G, E) (resp. L%(G, F)) with respect
to the measure u. Let .7 € Z(E, F); i.e., o/ is a linear continuous operator
from E to F.

We shall say that K: G x E— F is a kernel function with respect to o7 if
/u=0 implies K(¢, u)=0 for all 1€ G, ue E and K(-,u)e L'(G, F) for all
uekE. Let L:G—> Ry =[0, +o[, LeL'(G)=LY(G, R); in the following
we assume D = |, L(t) du(t)>0 and we put p(¢) = L(¢) D~". Let : G x R
— Ry satisfy the following conditions: (-, x) is Z-measurable for all
x=0; y(z,-) is continuous and nondecreasing, (¢, 0) =0, (¢, x) >0, for
x>0, Y(t, x) > + o0 as x > + oo, for all 1 € G. If additionally (¢, -) is con-
cave for all e G we say that y is concave. A kernel function K will be called
(L, yr)o-Lipschitz if there holds the inequality | K(¢, u)| < L(¢) Y(t, |u| £),
for all teG, ueE. K will be called (L, y)-Lipschitz if there holds the
inequality

1K(2, u) — K(1, v)[| p < L(2) Y (2, [ — 0] ),

for all te G, u, ve E (for these notions see [1, 2, 10, 11]).
We define an operator 7' by the formula

(T/)s) = Kl fls+0) du)

for all functions f € L% G, E) such that the above Bochner integral exists for
u—ae. s€G, and Tfe LG, F). The set of all such functions f will be
denoted by Dom T and called the domain of the operator T.

Let 5, p be two modulars on LG, E), L°(G, F), respectively, and let j
be a modular on L% G). We suppose that p(f) = p(||f|l ), for fe L%G, F).
We recall here that a modular on a real vector space X is a functional
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y: X > [0, + 0] such that y(x)=0 if and only if x=0; yp(x)=y(—x), for
every xe X; p(ax+by)<y(x)+7y(y), for every x, ye X, and «, beR/,
a+b=1. We note that the last property implies that for any modular y we
have y(ax) <y(bx), for every xe X, and a, be R, with a<b.

The modular space generated in L°(G, E) by 5 will be denoted by
LY(G, E), being

LYG, E)={fe LG, E): lim n(if)=0};
A—-0
analogously by Lg(G, F) we will denote the modular space generated in
L°(G, F) by p, (see [9]). The modular j is called #-convex if for every two

measurable functions p: G — Ry, with jG p(t)ydu(t)=1and & Gx G- R,
the inequality

p (jG p(1) IE(s, )| dﬂ(1)> <J_pto) ptlete. 1) dutr

holds (see [2]).

The modular p is called quasimonotone if there is a constant M > 1 such
that if £, f, € LG) with | f| <|f3], then j(fy) < Mp(Mf>).

The modular # is called t-subbounded if there exist constants ¢;, ¢, > 1,
and £, >0 such that

n(f(t+ ) <cinlenf) +ho
for all fe LG, F).
We call {p,,n} a properly directed triple if there is a set G, =G,

G, €2, u(G\Gy) = 0 such that for every A 0, 1[ there exists a C, € 10, 1[
satisfying the inequality

PLC Wt IEC) I )] <nm[AE(-)],
for all te G, and ¢ € L%(G, E). This implies the inequality

PLCY(LNIE()I L) T <[]

for all € G, and any family (¢,(+)),. ¢ of functions &, € L% G, E) (see [1, 2]).

2. AN ESTIMATE FOR THE ERROR OF APPROXIMATION

We are going to estimate p(a(Tf— .o/ <f)), for feDom T, a>0, by
means of #7. We shall need the notion of #-modulus continuity w, of a function
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feL%G, E). Let % be a nonempty family of sets Ue X, U# . Then W,
LG, E)x% — Ry =[0, + 0] is defined by the formula

w,(f, U)=supn(f(t+ -)—=f(-))

teU

(see [3, 8]). There holds the following:

THEOREM 1. Let 5, p be modulars on L%G, E), L% G, F), respectively,
and let p be quasimonotone with a constant M =1 and §-convex modular on
L°(G). Moreover, let p be of the form p(f)=p(|f|lr) and let t-subbounded
with constants ¢y, c; =1, hy=0. Let {p,\y,n} be a properly directed triple
and let K be an (L, \)-Lipschitz kernel function. Then for every f € Dom T,
Ue, +€]0,1[, and ae 10, C,(2DM) [, there holds the inequality

pla(Tf — o/ o f)) < Mw,(if, U) + M{2¢,7(24c5 f(+)) + ho}
XJG\UP(I) du(t) + Mp(2aMro ||/ o f ). (1)

where D = fG L(t) du(t), p(t)=L(t) D™, and

rog= sup
uekE, du#0 H'Q/MHF

j K(t, u) du(t) — Au

F

Proof. Obviously we can assume that f eLf’I( G, E), otherwise the right-
hand side of (1) would be infinite. By the properties of the modular p we
have, for any a >0,

plalTf = /)] <p [2a | (K g+ )= K ) dy(r)}

T {2a | K f(-))du(r)—wof(-)} — it

By the assumption that K is (L, y)-Lipschitz, we get

J, RS )= KUt £} du)

F

<JGL(1) W L/t + )= ()l ) dult)
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and so by applying quasimonotonicity and _#-convexity of p, we have
J < Mp {MMG LY, | fe+ )= £ ) dat)

<MJGp(t)ﬁ[2aDMlP(t, LA+ )= ()l e) ] du(2).

By assumption that {j, , 5} is properly directed, for every A€ ]0, 1[ and
for ae 10, C,(2DM) [ we deduce, for Ue %,

T <M [ p(0) LA+ =)= /()] )

MoGE UM | p0nLif )= ()] dutt) =71+ 77

Now by the properties of the modular # and from z-subboundedness of 7,
we get

S| p(r)n[wﬂw-))]du(z)ijU ) nL2A ()] de(1)

G\U

<Mclf o p(t) n[24e, ()] dult) + Mhy f 1) du(t)

FMACD | p0 dut)
<[2Me, (2, f) +Mh0]j 1) du(t).
Thus we obtain the estimation for J;:
Ty < M[2¢,1(20csf) + hol f 1) du(t) + Mo, (3f, U).
Finally putting G, = {s€ G : ./ o f(s) #0}, we have

:,5[261

SMp[2aMr | o f || r]

[ Kt fCDdutn =110 ()]

and so the inequality (1) follows.
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3. A MEASURABILITY RESULT

We now explain in detail the notions introduced in Section 2. Let G< R
be a compact interval [a,b] or G=R. In the first case we denote by
29 G) the set of all the (b — a)-periodic functions f'e L°(R). In the second
case .Z°(G) will mean the set of all functions 7' e L% R) which are of bounded
support. Let x4 be the Lebesgue measure on the g-algebra of all Lebesgue
measurable subsets of G.

Let 6: GxG— G be a (g, 2)-measurable function. We will say that u,
is g-absolutely continuous with respect to u if for every set 4 € X' such that
1(A) =0 there holds x(c~'(A4))=0. There holds the following:

ProPOSITION 1. Let E be an arbitrary measurable subset of R", F=R
and let 6: G x G — G be (X nX)-measurable. Let u,, be a-absolutely continuous
with respect to u. Let K: GX E— R be a function which is measurable with
respect to t € G for every u € E and continuous in u € E for every t € G. Then the
function A Gx E— R defined by A (s, t)=K(t, f(a(s, 1)) for s, teG is
X -measurable in G x G.

Proof. We limit ourselves to the case n=1. Let fe Z%G). Suppose
G =R, so that f has a bounded support. Let us denote by [«, »] an interval
such that supp f<[a, b]. By Fréchet’s theorem there is a sequence (f;) of
continuous functions on [a, b], convergent to f a.e. in [a, b] (see, e.g.,
[5]). Denoting by A4 the set of t € G for which the sequence ( f,(z)) does not
converge to f(t), we have u(A4)=0. Hence u, (6~ 1(4))=0.If (s, t) ¢ 5~ 1(A4),
1e., a(s, t)¢ A, then fi(a(s, t))— f(a(s, t)) as k — + oo, whence fi(a(s, 1))
- f(o(s, 1)) as k—> o0 py-ae. in GxG. Since K(t,u) is a continuous
function of u >0 for every 7€ G, we obtain

K(z, fila(s, 1)) = K(1, f(a(s, 1))

U.-a.e. in G x G. This reduces the proof to the case of continuous functions,
since if K(:, fi(a(-,:))) are proved to be X, ,-measurable, the same also
holds for the function K(:, f(a(-,:))) by virtue of the completeness of s,
in GxG. So let us now suppose f to be continuous in G. Let (g;) be a
sequence of simple functions in (Gx G, X, u,), convergent to ¢ for all
(s,1)eGxG; ie., there are pairwise disjoint sets 4, .., 4 eX, and
constants ¢{”, ..., ¢!?’ € R such that a,(s, 1) = > C](-i))(Aj(i)(S, 1) converges to
a(s, t) for all s, t € G. By continuity of f and also of K(¢, -), we obtain:

K(t’ f(O'(S, t))): hm K(ta f(O'l-(S, t)))

i— + o0

= lim i K1, f(c}i)))xAj(i)(s, t).

i— +ooj:1
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But the function at the right-hand side of the above equality is X' -measurable
in GxG. Thus K(:, f(a(-,:))) is 2, -measurable.

ExamprE 1. If a(s,t)=s+1¢ (eventually extended by periodicity to
R?), then u, is o-a.c. with respect to the Lebesgue measure on G.

4. AN EXISTENCE THEOREM FOR THE OPERATOR T IN
ORLICZ-SOBOLEV SPACES

Let AC®"~2(G) be the space of all functions £ G— R of compact
support in R (in case of G=R), or (b—a)-periodic in R (in case G =
[a, b]), possessing absolutely continuous derivatives up to the order n—2,
inclusively. We denote by E the set of points of R” of the form D, f(¢)=
(f(1), f'(1), ey £P=2(1), f"=V(1)), where "~V exists a.e. in G and is
integrable on G. By Proposition 1 and Example 1, the function

H(s,t)=K(t, D, f(s+1)=K(t, f(s+1), f(s+1), ... fOD(s+1))

is X' -measurable in G x G. Hence the integral
| 1Kt D, fls+ 1)) de
G

exists for a.e. s€ G; however, it may be infinite. Now, let ¢: G xRy — RS
be a ¢-function depending on a parameter, i.e., (-, u) is measurable for all
uz=0, p(t,0)=0, ¢(t,u) >0 for u>0, p(t, -) is continuous and nondecreas-
ing, for all re G. If (¢, -) is convex, for every te G and ¢(t,u)u='—0 as
u—0asu—0, o(t,y)u—!' - 4+ o0 as u— + oo, the p-function is said to be
an N-function. For any ¢-function ¢, the modular

n—1

nN=Y | ol 1f @) di (2)

k=0"G

defines a modular space AC{"~?(G) denoted usually by W¢_,(G) and
called the generalized Orlicz—Sobolev space generated by ¢. Obviously
may be extended as a modular defined on the set L%(G, R") of all measurable
vector-valued functions f: G — R” by the formula

n—1

if)= X | ot 10

where f(1) = (fo(2), -, fu—1(1)), for 1€ G.
We have then forfe W?_(G) the relation n(f)=#(D,f).
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We shall need the notion of r-boundedness of the function ¢. The func-
tion ¢ is called weakly t-bounded if there exist a constant ¢>1 and a
measurable function & G x G — Ry such that sup,¢ | 5 &(s, 1) di < + oo for
a.e. s € G, satisfying the inequality

@(t—s,u) < o(t, cu)+&(s, 1)

for s, te G and u>0. If, moreover, there holds SG E(s, t)dt >0 as s> 0,
then ¢ will be called t-bounded.
Now, let .7 € Z(R”", R) be fixed; we have the following:

THEOREM 2. Let ¢ be a weakly t-bounded N-function depending on a
parameter t€ G. Let K be an (L, \r)y-Lipschitz kernel function with respect
to o/, where L(-)y(-, 1)e L'(C) n L¥*(C), for every compact C = G, where
@* is the N-function, complementary to ¢ in the sense of Young. Let

(T )s) = [ K(t S5+ 00, £ (5400, O D54 1)) (3)

for se G and let Dom T be the domain of the operator T. Then
W(P

n—1

(G)cDom T.

Proof. We will consider the case when G=R and the function f has
compact support. First, we prove that

| IK(, D, fis+ ) di < + o0 4)

for a.e. se G, supposing fe W?_,(G). Let fe #°%G) be a fixed function.
Since f has compact support, also the function f(s+ -) has compact sup-
port for a.e. seR; we denote by R, an interval containing such support.
For such se R let us write

A={teG: D, f(1+5)|g>1}, A =G\A.

Since K is a kernel function with respect to .oZ, we obtain
| 1K, D, fis+ 1))l di
G
= [ 1Kt D fls+ 1))l di
RS

<J LW DA+ D)llg) di+ [ Litywtr. 1) dr

R

s
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We have only to prove that the first term at the right-hand side of the
above inequality is finite. By concavity of yy we have y(¢, u) <y(t, 1) u, for
u>1. Hence

L L) Y(t, | D, f(s+ 1) ge) di < L L) Y(t, 1) [ Do f(s+ 1) | n dt
n—2

<[ Lo 1) L 1O+l di
A k=0

+ [ LW ) £ s+ 0] d.
A

Now Y722 |f®(s+1)| is continuous and bounded as a function of the
variable ¢ € R. Consequently the first term at the right-hand side of the above
inequality is finite. Taking in the Young inequality, uv < @*(¢, u) + ¢(t, v),

u=AL(OP(1, 1), o= |f"" (1)),
for te G=R and 1> 0, we obtain

1

| LOwe D170 D0l di< o5 [ g*e AL (e 1)) di

1
+23[ ot 211" Vst ) di

RS

The first term at the right-hand side of the last inequality is finite for
sufficiently small A >0, because L(-) (-, 1)eL?"(C), for every compact
C < G. In order to estimate the second term, we apply the weak 7-bounded-
ness of ¢ and we obtain

| ot a1 s+0))) de

s

= gli—s 211" V) dr

b b
<[ (e ae lf" D0y de+ [ Es, 1) de < + o0

for sufficiently small A>0 and where [a, b] is any compact interval which
contains R+ s, for the fixed s € R. Consequently we obtain the relation (4).
Applying the inequality (4) to the positive and negative parts of K and
applying the Fubini-Tonelli theorem, we obtain f'€e Dom T.
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Remark 1. When the N-function ¢ satisfies the condition ¢(f, u) u=! —
+ o0 as u — + oo uniformly with respect to ¢ on each compact set C, we
have L?*(C)< LY(C), for any compact C< R, and we may replace the
assumption L(-)y(-,1)e LY(C)nL?*(C) by L(-)y(-,1)eL?*(C). For
example, this always happens when ¢ does not depend on the parameter ¢.

5. AN EMBEDDING THEOREM FOR THE OPERATOR T

We are going now to give an embedding theorem for the operator 7. As
before G denotes the real line R (by considering functions with compact
support) or G=[a, b] (by considering periodic extensions of the involved
functions).

THEOREM 3. Let the assumption of Theorem 2 be satisfied and let p be a
modular in L%G), quasimonotone with a constant M >0, ¢-convex, and
such that the triple { p, , 77} is properly directed, where 1] is the extension of
the modular n defined by (2), as described in the previous section. Then the
operator T defined by (3) maps the space W¢_(G) into the modular space
LY(G) and

plaTf) < M[n(icf) +ho] (5)

for feW?_(G),0<i<]1,and 0<a< C,(DM)~".

Proof. Since ¢ is weakly t-bounded, so the modular # defined by (2) is
7-subbounded, because for fe W?_,(G) we have

n—1

G +0) =3 | ol [f©s+0l) ds
k=0"C

n—1

<Y [ olsclf®s))ds+n | &t s) ds
k=0"C G

<n(cf) +ho,

where g =nsup,. | &(¢, s) ds. Consequently we have, for every 0 <1< 1
and a >0,

PaT )< Mp | [ ple) aDMY( 1D, + 1)) e

<M [ p(0) plaDMY(2, |D,f(- +1)| ) dr
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<M | p(0)AAD,f(- +0) dr
< Muy(Aef) + Mhy < + 0,

that is (5); as a direct consequence, 7f € Lg(G).

6. APPROXIMATION THEOREMS IN W?_.(G)

We are going now to formulate the approximation theorem (Theorem 1)
in the special case of generalized Orlicz-Sobolev spaces W¢_,(G), taking
the modular # defined by formula (2) and defining the linear continuous
functional .«7: R” - R by o7 (uy, ..., 4,_1) =u,. If ¢ is weakly z-bounded with
a function &, then 7 is t-subbounded with a constant 4, = sup, .o SG &(t, 5) ds
(see the proof of Theorem 3).

Let us also remark that K(¢, ugy, ty, ..., 4, _,) =0 if uy=.o/u=0; that is,
K(t,0,uy, .., u,_;)=0, for arbitrary t € G and u,, ..., u,,_, € R. Thus Theorem

1 yields the following

THEOREM 4. Let G be defined as in Section 5. Let p be a #-convex,
quasimonotone (with constant M >1) modular on L°(G). Let 1 be the
modular defined by (2), generated by a weakly t-bounded, @-function ¢, and
let 17 be the extension of the modular n as defined in Section 4. Let { p, ., 7j}
be a properly directed triple, and let K: GxR"— R be an (L, y)-Lipschitz
kernel function, where K(t, 0, uy, .., u,_,) =0, for any te G and u,, ..., u,_, €R.
Then for any fe Dom T W¢_,, Ue, )€ 10,1[, and ae 10, C,(2DM) '
there holds the inequality

pla(Tf —f)1 < Maw,(if, U)+ M[2n(2icf) + ho ]
x j p(1) dt + Mp(2aMry f),
G\U
where D =g L(t)dt, p(t)=L(t) D™,

ro= Sup
uy#0

1
—j K(t, gy ooy tt, 1) dt—1],

uOG

and hy is the constant of the t-subboundedness of ».

Now we are going to investigate the #-modulus of continuity w, for the
modular defined in (2). As % we take the family of intervals Us=[ —4d, d],
where 6 > 0. Then we have for an arbitrary A>0 and fe W?_ (G),

n—1
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©,(2f, Uy) = sup {"z [ ot 21191 +5) = r®s))) ds

ltl<é k=0"GC

F[ ot 17— £ s
G

n—2

S | ol 200f%, 0) ds+,(f"D,8),  (6)

k=0"C

N

where (g &) =Sup;, <5 Sup,cq |g( +5) — g(s)| and

mig)=|_ole. gl d

We recall that a @-function ¢ is called locally integrable on G if ¢(-, u)e
L'(C) for every compact set C = G, for any u e R, . Under the notations of
Section 5 there holds the following:

ProPOSITION 2. Let ¢ be a t-bounded, locally integrable, ¢-function
depending on a parameter. Then for every function f € W?_,(G) there exists
a number 1. >0 such that:

lim w,(4f, Us) =0.

-0

Proof. Suppose that G=R has f has a compact support C. Since
f®eC(@), for k=0,1,...,n—2, so o(f®, 6)—0 as §—-0 for k=1, ...,
n—2. Let us take J,>0 so small that w(f*®,d))<1. Let DG be a
compact set such that [ —d,, o]+ C<=D. So fP(s+1)—f®(s)=0 for
s¢ D, for every te[ —d,, dy]. Thus for the above indices k, we have for
0<od<d,

n—2
Y [ ol 200, 0)) z (19.0) | (s 2y ds 0
k=0"C

as 0 — 0, by the local integrability of ¢, for every A>0. Applying the
inequality (6) it is enough to prove that w,,(4f, d) = 0 as 6 — 0 for g e L?(G)
and sufficiently small 2>0. Here L?(G) is the Musielak—Orlicz space
generated by the function ¢. Now, since |, ¢(s, u) ds < +co for all u >0,
the modular #,; is monotone, absolutely finite, and absolutely continuous
modular on L?(G) such that #,(f(t+ -)) <#i(cf)+ h(t) with some c¢>1,
and A(t1)—>0 as t—0, and feL%G) (see [3]). By [3, Theorem 2], we
obtain w, (4g, d) > 0 as J — 0 for sufficiently small 4> 0.
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Remark 2. We remark that the previous theorem can be proved also
when G=[a,b] and the involved functions are extended by periodicity
outside the interval [a, b]. Moreover, we point out that if in Theorem 4 the
assumptions of Theorem 2 are satisfied, then one may replace the require-
ment fe Dom T'n W%_ | with simply fe W?_,.

Theorem 4 and Proposition 2 may be applied in order to obtain a
convergence theorem. Arguing as, for example, in [2], we introduce an
abstract nonempty set W of indices w filtered by a family #" of its subsets.
In place of one kernel function K we take a family K =(K,,),, . » of kernel
functions, which we call a kernel. We assume that K, (¢, ug, ty, ..., 4, _1) =0
whenever u,=0, for all we W. Let L=(L,,),, . » be a family of nonnegative
functions L, € L'(G) and let D,=|;pt)dt, p,(t)=L,(t)D,". The
kernel K is said to be (L, )-Lipschitz if the kernel functions K, are
(L,,, ¥)-Lipschitz, for all we W. Let D=sup,,.w D,, < + 0. We say that
the kernel K is strongly singular if

I (1) dt 250
G\Uj
and

|
fj K1, ttg, o tt, 1) di—1] 250,
u'cg

ro(w) = sup
uy #0

where % represents the convergence with respect to the filter % . Denote
now by T=(T,,) the corresponding family of operators

(Tuf)s)= | Kult. D,f(s+ 1) dr

for we#” and feDomT=(),.pDom T,. Then the following theorem
may be derived, applying Theorem 4 and Proposition 2, in an analogous
manner as in [2, Theorem 2]:

THEOREM 5. Let G be as in Section 5. Let p be a §-convex, quasimonotone
modular on L% G). Let ¢ be a t-bounded, locally integrable ¢-function depend-
ing on a parameter, let n be the modular defined on W¢_,(G) by the formula (2),
and let us suppose that the triple {p,y, 7} is properly directed. Let K=
(K,))wew be a strongly singular, (L, r)-Lipschitz kernel such that K(t, 0,
Uy Uy 1) =0 for te G and uy, .., u, _, €R. Let fe LY(G)nW_,(G)n
Dom T. Then

pla(T,f—f)]-50

for sufficiently small a> 0.
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Remarks. 1. Let us remark that if additionally there are satisfied the
assumptions of Theorem 2 then one may replace the requirement f L2(G)
NW?_(G)nDom T simply by f€ L)(G)n W?_,(G).

n—1
2. Theorem 5 remains true if we replace the strong singularity of the
kernel by the singularity, i.e.,

r

f K, (1, tig, 1t y) di—1] 250
MO G

k< luy| <k

for k=1, 2, ... In this case we have to assume that the modular p is finite
and absolutely continuous (see also [2]).

3. The theory developed in this paper can be easily generalized by
relaxing the #-convexity of p. Indeed we can assume that j is M-quasi-
convex. This concept was introduced in [4]; we remark that the related
concept for functions was given in [6, 7].
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